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Abstract 

On an algebraic curve there are Tate symbols, which satisfy Weil reciprocity law. 
The analogues in higher dimensions are the Parshin symbols, which satisfy Kato- 
Parshin reciprocity laws. We give a refinement of the Parshin symbol for surfaces, 
using iterated integrals in the sense of Chen. The product of the refined symbol 
over the cyclic permutations of the functions recovers the Parshin symbol. Also, we 
construct a logarithmic version of the Parshin symbol. We prove reciprocity laws 
for both the refined symbol and a logarithm of the Parshin symbol. 
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Introduction 

This paper is the second one from a series of papers on reciprocity laws on complex vari- 
eties. Instead of using a homology or a cohomology theory, we use properties of certain 
fundamental groups. We capture structures of these fundamental groups by examining 
iterated integrals. In this way, we have proven various reciprocity laws on a Riemann 
surface in [Hj. We use some of these reciprocity laws here. But more importantly, we 
develop further the use of iterated integrals in establishing new reciprocity laws. 

Parshin has considered iterated integrals [P3] at the same time as Chen [Chj . How- 
ever, the ones by Chen are more general and we use some of his constructions. 

Let us recall the Weil reciprocity for the Tate symbol. Let f\ and fa be two non-zero 
rational functions on a Riemann surface C. At a point P on C, let x be a rational 
function on C, which has a zero of order 1 at P. Let rik be the (vanishing) order of fk 
at P. Define g^ as 

g k = x~ nk fk, 

for k = 1,2. Note that g^ is a rational function, depending on the choices of P and x, 
which has no zero and no pole at the point P. Then the Tate symbol is defined as 



{/i,/ 2 }p = (-ir 2 0E) (p) = (-i) 



g 2 (P)^ 

The Weil reciprocity for the Tate symbol is 

l[{fi,fa}p = l- 

Pec 

We are going to use a local coordinate, which is a rational function x, as opposed to 
a uniformizer in the corresponding local field. 

Let us explain what is the relation between a local coordinate and a uniformizer. By 
a local coordinate at a point P on a curve C we mean a rational function x on C, which 
has a zero of order 1 at P. The rational function x might have other zeros or poles; but 
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this will not play an essential role. Let Oc be the structure sheaf on C. Let U be a 
Zariski open set in C, where x is defined. Denote also by Oc,p the local ring of stalks 
at P. Define mp to be the maximal ideal in Oc,p- And let 

6 c ,p = lim O c ,p/m% 

be the completion of the local ring Oc,p- Then 

x e 0(U) c O c ,p c 6 c ,p. 

Thus, we can think of the rational function x as a local uniformizer in the complete local 
ring 6 c ,p. 

There is analogous statement for surfaces. We recall the Parshin symbol for a surface. 
Then we give a definition in terms of rational functions as opposed to uniformizers, which 
is not as general as the algebraic definition but it allows us to use integrals. We need the 
new definition in order to construct a refinement of the Parshin symbol together with 
several logarithmic symbols. 

Let /i,/2j/3 be three non-zero rational functions on a smooth complex surface X. 
Let Ox be the structure sheaf of the surface X. Let C be a non-singular curve in X and 
P be a point on C. Let Xq be the sheaf of ideals, defining the curve C. Let {Ox)c be 
the completion of the structure sheaf Ox with respect to the sheaf of ideals Xq- Let x 
be an element of (Ox)qXc — (Ox)c-^c^ defining the curve C in a Zariski neighborhood 
of P. Let ra k = ordc(fk)- Let hf. be in {Ox)c/^c = @c such that 

h k =x- m "f k modX c . 

Let y be a uniformizer at P in the completion (Oc)p- Let rap be the maximal ideal in 
(Oc)p, defining P, and let 

n k = ordp(h k ) = ord P (x~ mk f k mod Oc)- 

Define g k G C so that 

g k = y~ nk h k mod rap = y~ nk {x~ mk f k mod Oc) mod m p . 
Then the Parshin symbol (computed by Fesenko and Vostokov [FV| ) is defined as 

{/i,/ 2 ,/3}c,P = (-l)V 1 5 2 D2 5 3 D3 , 

where 



Dx = 



m 2 


n 2 


, D 2 = 


m 3 




, D 3 = 


m% 


m 


m 3 


n3 




mi 


ni 




m 2 


n 2 



and 

K = n\n 2 ra 3 + n 2 n 3 ra\ + n 3 n\ra 2 — m\ra 2 n 3 — ra 2 ra 3 n\ — ra 3 m\n 2 . 
One of the Kato-Parshin reciprocity laws is 

p 
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where the product is over all points P on C. 

We need an alternative definition of the Parshin symbol, for which we can apply 
analytic techniques. Given three non-zero functions on X, f±, fi and fa, we want the 
decomposition f k = x lk y 3k gk-, for k = 1,2,3, so that gk is well defined and non-zero at 
P and x and y are rational functions on X, not just uniformizers. This is not always 
possible. So we make assumptions on the divisors of fi, fi and fy. We assume that 
the divisors of the functions /i, fi and f% have normal crossings (that is, at intersection 
point only two components meet transversally) . Also, we assume that each component of 
these divisors is a non-singular curve. These properties can be achieved for any non-zero 
functions /i, fi and fs, after successive blow-ups of the surface X. 

Now we consider carefully the algebraic definition of the Parshin symbol. Denote 
by Ci for i = 0, 1, . . . , iV the components of the divisors of /i, fi and /3. Instead of 
choosing x £ {O x ) Co I c ~ {Ox) 

C(p-~Coi defining C in a neighborhood of P, we choose a 
rational function x, such that ordc x = 1 and x defines C in a neighborhood of P. In 

particular, for such a rational function, we have x £ {Ox)c ^-c — {Ox)c ^c - ^ ow we 
use the divisors of fi, fi and f% have smooth normal crossing. Let P G Cq D Cj. Since 
x defines C in a neighborhood of P, we have that ordc x = 0. Define nik = ordc fk- 
Similarly ,we define a rational function y such that ordc^y = 1 and ordc y = 0. Let 
n k = ord Cj fk- Let h k = x~ mk f k . Then 

h k ~ h k mod lc ■ 

Define 

y ~ y mod l Co 

on Co- Let g k = y~ Uk h k on Co- Then similar to the one dimensional case, we have 

9k ~ h mod m P , 

where mp is the maximal ideal in the local ring Oc ,p- Moreover, g k = g k {Q) = g k {Q)- 
Let 

N 

div(fk) = ^2n ki Ci. 

i=0 

Let X{ be a rational function on X, which has zero along C« of order 1 (this is the order 
of vanishing of x\ at the generic point), and has no zeroes or poles along Cj for j / i. 
That is, 

ord Cj Xi = Sij. 

The rational functions Xi might have other zeros or poles. However, this poses only a 
technical consideration and it does not contribute to the symbols that we consider. 
Note that in the algebraic definition, the Parshin symbol 

fi-, f?,}c,P = 1, 

if C is not a divisor of any of the functions fi , fi , , or if P is not an intersection of two 
curves from the divisors of the functions. Thus, it is enough to consider only the case, 
when C is a curve from the divisors of the functions /i, fi and fs and P is a point of 
intersection of two divisors. 
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Let C = Co and let P € Co n Cj for j > 0. We are going to define {/i, /2, fz}c ,P-, 
using the rational functions xo and Xj. Let x = xo and y = Xj. For their corresponding 
exponents, define = n^o = ordc fk and = rifcj = ordc 3 fk- Let 

/* = x m *y n «g k . 

Note that <?fc is a rational function, which is well defined and non-zero at P. 
The definition in terms of rational function gj., which we are going to use, is 

{/l,/2, h}c ,P = (-l)^l(P) Dl 22(P) D2 <73GP) D3 , 

where Di, D2, D% and K are defined as above in terms of m k and n& for fc = 1, 2, 3. 

Now we can define a refinement of the Parshin symbol {/1, /2, /3}cb,P- First, we need 
one coherence condition: For each point P £ Co PI Cj and for each curve Cj we are going 
to use the same rational function x = xq, which has order 1 at Co- The refinement of 
the Parshin symbol will be invariant with respect to choices of the rest of the rational 
functions Xj for i > 1. 

Definition 0.1 With the above notation, we define a refinement of the Parshin symbol 

( f, f~ f„\ x ° — ( -\\n-1n3m2-rmm3n2 I ^ 1 v j / I 
Ul,/2,/3Jc ,P - {~ L ) Vf3( P ) n V ' 

The new symbol resembles a power of the Tate symbol for curves. However, there is a 
simple relation among the Parshin symbol and the refinement of the Parshin symbol. 

Theorem 0.2 (The Parshin symbol in terms of the refinement of the Parshin symbol) 

{fl, /2, h}c ,P = hi /3)q,,P' 

cycl 

where the product is taken over cyclic permutations of the indexes of f\ , fi and . 
Moreover, we have a reciprocity law for the refinement of the Parshin symbol. 
Theorem 0.3 A reciprocity law for the refinement of the Parshin symbol is 

Y[{h,h,h) x c ip = ^ 
p 

where the product is taken over all points P on Co. 

As we mentioned in the beginning of the introduction, we use iterated integrals 
of differential 1-forms with logarithmic poles. An example of such differential form is 
dfi/ fi- Its integral is log(f\). With this approach, first we obtain logarithmic symbols 
with additive reciprocity laws. After exponentiating, we obtain the above symbols and 
the corresponding multiplicative reciprocity laws. 

In order to define the logarithmic symbols we need to integrate over certain paths 7^. 
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Definition 0.4 (Points, loops and paths on Cq) Let {Pi, . . . ,Pm} = Cq P\ ((J - Cj) be 

all intersection points of Cq with the rest of the curves from the divisors of fi,f 2, fa- 
Let Q £ Cq be a base point, different from Pi, ... , Pm- Let Ri be a point on Cq, which 
is within an e -neighborhood of the intersection point Pi. Let o~i be a simple loop on Cq 
around Pi, based at Q. Let ji be a path from Q to Ri. Define also of to be a (small) 
simple loop around Pi, based at Ri, so that 

o-i = iio-hr 1 - 

Choose the paths 7^ so that the loop 5, defined by 

/ 9 \ / N \ 



\i=l 



\i=l 



is homotopic to the trivial loop at Q, where g is the genus of the curve Cq and [ai,j3,j\ is 
the commutator of loops a.{ and Pi around the handles of Cq. 



At the point Pi define g k so that 



fk = s W<7* 



on the surface X, using the rational functions xq and Xj for some j as local coordinates 
as opposed to uniformizers. Then g k is well-defined and non-zero at Pj. 



Definition 0.5 Logarithm of the refinement of the Parshin symbol is defined by 
Log(fi,f 2 , hTc^Pi = (2vri) 2 (^Ki{m 2 nin 3 - n 2 mim 3 ) + m 2 n 3 J 



dgi f dg 3 
m 2 ni / 

7* 9i J lt 93 



Let n^j = ordc 3 fk- Let also Lj be the number of intersection points of Cq with Cj. 
Define h k by hk = x^ mh fk- Define also 



Di(j) 



m 2 


n 2j 


, D 2 = 


m 3 


n 3j 


, D 3 = 


mi 


nij 


m 3 


n 3j 




mi 


nij 




m 2 


n 2j 



Theorem 0.6 A reciprocity law for the logarithm of the refinement of the Parshin sym- 
bol is 

£ Log(fi,f 2 , / 3 )«™ = (2™) 3 (M + AT), 



where 



M = E ji <n ( ni ii Dl C?2 ) - n 3h D 3 (j 2 ) ) L h L j2 

+ J2Z=i( n ij2 D i(h) ~ n 3j2 D 3 {j 2 ))\L j2 {L j2 - 1) 



dh,2 
P 3 h 2 



r dhz r 

J0i fl3 Ja 



dh 2 \ 



+ 



+ 



(2^m 3 (/., ^ 4 ^ - 4 d -t L 3 Kr) 
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The relation between the refinement of the Parshin symbol and the logarithm of the 
refinement of the Parshin symbol is given by the following theorem. 

Theorem 0.7 

(/i, /a, hfcU = exp^iy'Logifuh, hTc^MQ) m 9^QT m > 
where Q is the base point. 

Definition 0.8 We define logarithm of the Parshin symbol as 

Log{h, f 2 , hV6 , Pi = II Logih, f 2 , f 3 )™, 

cycl 

where the product is taken over cyclic permutations of the indexes of f\, f 2 and fy. 

Theorem 0.9 The relation to the Parshin symbol is 

{/ij2j3}co,P ! = exp((27ri)- 2 L 05 {/ 1 ,/ 2 ,/ 3 }^ 0iPi ) 5l (Q) I?1 52 (Q) D2 5 3(Q) D3 , 
where Q is the base point. 

A reciprocity law for the logarithm of the Parshin symbol is given by the following 
theorem. 

Theorem 0.10 

J2Log{f 1 J 2 J 3 rS ,P t =0. 

i 

It is interesting to compare the logarithmic symbols on a complex surface Log{f\, f 2 , f^Yc Q p. 
and Log(f±, f 2 , /a) J? 'p. with logarithmic symbol on a complex curve. We call the loga- 
rithmic symbol on a complex curve a logarithm of the Tate symbol. 

Definition 0.11 (Logarithm of the Tate symbol) Let f\ and f 2 be two non-zero rational 
functions on C. Let Pi, . . . ,Pm be the points in the divisors of f\ and f 2 . Denote by mi 
the order of f± at Pi and by Hi the order of f 2 at Pi . 

Near Pi, let x be a rational function on C , which has order 1 at Pi. Define g\ and g 2 

by 

fi = x m *gi and f 2 = x n *g 2 . 

Let Q G C be a base point, different from Pi, ... , Pm- Let Ri be a point on C , which is 
within an e -neighborhood of the intersection point Pi. Denote by Oi a simple loop on C 
around Pi, based at Q. Let ji be a path from Q to Ri. Define also af to be a (small) 
simple loop around Pi, based at Ri, so that 

Choose the paths ^ so that the loop 5, defined by 
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is homotopic to the trivial loop at Q, where g is the genus of the curve C and [an, fii] is 
the commutator of loops on and around the handles of C. We define the logarithmic 
Tate symbol by 

Log{fi, f 2 }p. = (2m) (mmirii + n { [ — - rrii [ — J . 

Theorem 0.12 The relation to the Parshin symbol is 

{fi,h} Pi = exp((2m)- 1 Log{f 1 ,f 2 }l)g 1 (Qrg 2 (Qr\ 
where Q is the base point. 

A reciprocity law for the logarithm of the Parshin symbol is given by the following 
theorem. 

Theorem 0.13 

Y J Log{fij2}% = (2ni) 2 (M + N), 

i 

where 

M = Yji m i n i 

dgi r dg2 _ r d<n r dg2 



AT = ( f 221 f ££2 _ f 9£L f Wl 

i-di=\ \SoLi gi J/3; 32 -J/3i 31 Ja, 32 

Note that the reciprocity law for the logarithm of the Tate symbol (Theorem 0.13) 
resembles the reciprocity law for the logarithm of the refinement of the Parshin symbol 
(Theorem 0.6), when we look at the right hand side of the corresponding equalities. 
However, in the reciprocity law for the logarithm of the Parshin symbol (Theorem 0.10) 
the right hand side is simply zero, which is different from the reciprocity law for the 
logarithm of the Tate symbol. 

The refinement of the Parshin symbol can be defined over any field K. However, 
our proof of the reciprocity law works only over a field K of characteristic zero. Let us 
explain how we relate the field K to the field of complex numbers C. First, the rational 
numbers Q can be embedded in K. The surface X over K is defined by finitely many 
polynomials over K. We can adjoin all the coefficient of these polynomials to Q. Then 
we obtain a finitely generated algebra over Q. Denote its field of fractions by Kq. Note 
that X can be defined over Kq. Since the field Kq is of finite transcendence degree over 
Q, we can embed Kq in C. Let Kq be the algebraic closure of Kq. Since C is algebraically 
closed, we have that Kq C C. Now we can use integration over the complex numbers 
to define the refinement. After we have defined the refinement of the Parshin symbol, 
we notice that its values are in Kq. The reciprocity law is a product over all points of 
intersection of Cq with the remaining components of the divisors. If we consider first 
the product over the conjugate points with respect to the Galois group GoI(Kq/Kq), we 
obtain a symbol which is defined over Kq. 

We have a higher dimensional analogue of the new symbol and a reciprocity law for 
it. It will appear in another paper. Also, my student Zhenbin Luo [L] has generalized the 
new symbol on a surface over a nilpotent extension of the complex numbers. Luo gives 
a generalization of Contou-Carrere symbol to surfaces. An alternative generalization of 
Contou-Carrere symbol to surfaces is given by Romo [R] . 



An alternative approach to the Tate symbol and the Parshin symbol come from 
logarithmic functionals (sec [Kh]). The direction we take is closer to the one in the 
papers by Deligne [D] and Brylinski and McLaughlin [BrMcl]. The common point is 
that certain connection, in geometric sense, is the key structure. The difference in our 
situation is that the connection is not flat. 

It will be interesting to find characteristic classes that give the refinement of the 
Parshin symbol. For analogues of the Parshin symbol in terms of characteristic classes 
(sec [BrMc2|). The use of such more conceptual approach might give a proof for the 
reciprocity law of the new symbol for a surface over a finite field. Note that the refinement 
of the Parshin symbol can be defined in the same way for a surface over a finite field. 
There must be a version of the new symbol in the arithmetic case for curves over a 
number ring. 

Now let us say a few words about the structure of the paper. In Section 1 we 
recall basic properties of iterated integrals in the sense of Chen. The section ends with 
analogues of the Stokes formula for iterated integrals in dimension 2 and 3 (Theorems 
1.5 and 1.9). 

In Section 2, we make the key geometric construction, which is a foundation for the 
rest of the paper. Besides the geometric construction, Subsection 2.1 contains most of 
the definitions needed for the rest of the paper. In Subsection 2.2, we construct an 
abstract reciprocity law, which we use in the later sections in order to prove the explicit 
reciprocity laws, which we stated in the introduction. 

In Section 3, we combine the abstract reciprocity from Section 2 and the properties 
of iterated integrals, written in Section 1, in order to obtain a new logarithmic symbol 
Log[fi, /2, /slfj'lp- This is the first logarithmic symbol that we construct. The other 
symbols are constructed later in the paper. Also, we prove a reciprocity law for the 
logarithm of the new symbol. This logarithmic symbol is obtained as a limit of an 
iterated integral over a particular loop. A key part of this construction is a differential 
equation written in Subsection 3.3. This differential equation has no local solutions. 
The way we should solve the differential equation is by restricting it to a path. One may 
think of it as a connection, which is not flat. A solution of this differential equation is 
a generating series of iterated integrals. However, we do not need the whole generating 
series. We need only specific term of it, which correspond to one iterated integral. This 
is where the analogy with a non-flat connection breaks. For that reason we call it a 
differential equation. 

In Section 4, we construct a logarithm of the Parshin symbol and prove a reciprocity 
law for it. Besides many computations of iterated integrals based on the definitions in 
Subsection 2.4, we use one of the differential equations from subsection 3.3. In that 
differential equation we put an equivalence among the formal non-commuting variables. 
This technical condition corresponds to considering a linear combination of iterated 
integrals as opposed to one iterated integral. A particular linear combination of iterated 
integrals gives us the logarithm of the Parshin symbol Log{fi, f3}c p> which we 
discussed earlier in the introduction. From the logarithm of the Parshin symbol, we can 
recover the Parshin symbol by exponentiation. 

In Section 5, we define the logarithm of the refinement of the Parshin symbol as a 
difference 

Log(h,h, hfc^p = Logifuh, f$£ p - Log{f u f 2 , hVc Q , P - 
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Using the reciprocity laws for the other two symbols, we obtain a reciprocity law for the 
logarithm of the refinement of the Parshin symbol. After exponentiation of the logarithm 
of the refinement of the Parshin symbol, we obtain a refinement of the Parshin symbol, 
which is roughly speaking 1/3 of the Parshin symbol. We end the paper with an example 
of the reciprocity law for the (multiplicative) refinement of the Parshin symbol. 
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1 Background on iterated integrals 

In this section we recall known properties of iterated integrals, which we are going to 
use heavily in the rest of the paper. One can look at |Chj and (Gj for more properties 
of iterated integrals. We include this section, because it is essential for the rest of the 
paper. This section establishes both the notation and the main properties of iterated 
integrals, which we are going to use throughout the paper. 

1.1 Definition of iterated integrals over a path 

Definition 1.1 Let uj\, . . . ,u) n be holomorphic 1- forms on a simply connected open sub- 
set U of the complex plane C. Let 



be a path. We define an iterated integral of the forms uj\ , . . . , cu n over the path 7 to be 



1.2 Differential equation and generating series of iterated integrals. 
One-dimensional case 

When we consider an iterated integral, we can let the end point vary in a small neigh- 
borhood. Then the iterated integral becomes an analytic function. 

Let U)x,... ,Lu n be differentials of 3rd kind on a Riemann surface X. Following the 
idea of Manin [Mj , we consider the differential equation 



7 : [0, 1] U 




It is called iterated because it can be defined inductively by 




n 



dF = A i LJ - 
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where A±, . . . , A n are non-commuting formal variables, which commute with the differ- 
entiation d. Let P be a point of X such that none of the differential forms has a pole at 
P. It is easy to check that the function 

pz pz pz 

F(z) = 1 + ^2(Ai / uj^ + ^AiAj ujioujj + ^2AiAjA k u i ow j oaj i( . + 

is a solution to the differential equation with initial condition F(P) = 1 at the point 
P. The summation continues so that every iterated integral of the given n 1-forms is 
present in the summation. Note that 



d y O . . . O UJ ik _ x O U ik = ( U3 h 0...0 U) ik _ x )u) ik . 

Note that the coefficient of the above integrals in the solution F is 

A ■ A- A 

whose indices enumerate the order of iteration of the differential forms. Each of the 
indices i\, . . . , ik-\,ik is an integer among {1, 2, . . . , n} and repetitions of indices is al- 
lowed. 

1.3 Multiplication formulas 

We can take a path 7 from P to z. We denote the solution of the differential equation 
by F^. If 71 is a path that ends at Q and 72 is a path that starts at Q we can compose 
them. Denote the composition by 7172- 

Theorem 1.2 (Composition of paths) With the above notation, we have 

F^ fl Fy 2 = Fry^. 

Corollary 1.3 (Composition of paths) On the level of iterated integrals we have 

j COi O ■ ■ ■ O U) n = ^ / WlO...OWj / iO i+ \ O . . . O L0 n , 
■^7172 j = o ''71 ^72 

where for i = we define f i u\ o . . . o a;, = 1, and similarly, for i = n we define 
f 72 Wi+i ° ■ ■ ■ o w n = 1. 

1.4 Two-dimensional iterated integral over a surface 

In this subsection we recall certain type of Chen's iterated integrals |Chj . which we call 
2-dimensional iterated integrals. These integrals are defined by integration over a (real) 
2-dimensional region of a variety. After we recall the definition and give notation, we 
state an analogue of Stokes theorem for 2-dimensional iterated integrals, which expresses 
1-dimensional iterated integrals over the boundary of a two dimensional region in terms 
of 2-dimensional iterated integrals over the same region. 
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Let X be a smooth complex manifold of dimension at least 2. Let u)\, . . . , cj n be closed 
holomorphic differential 1-forms on X. Let uj^ be a closed holomorphic differential 2- 
form on X. Let 

7. : [0, 1] x [0, 1] X 

be a homotopy of the path 

70 : [0, 1] -> X 

and 

71 : [0, 1] -> X, 

which fixes the end points, such that j*(t, 0) = 7o(t) and 7»(i, 1) = 7i(t)- Define also a 
domain 

A? = {(t 1 ,---,t n ,s) e [0,l} n+1 \0<h < ■■■ <t n , 0<s< l}. 

Definition 1.4 A 2- dimensional iterated integral over 7, is defined by 
r » = I J* 7 . w l " ' w(2) • • • = 

= J A n 7*^i (ti,s) A • • • A 7*Wi_i(tj_i,s) A7*w (2) (tj,s) A 7^^+1(^+1,5) A • • • A 7*o; n (t n ,s). 
For fixed s let 

I s = / WlO'-'W n . 

Now let us recall Stokes theorem for two dimensional iterated integrals. 
Theorem 1.5 Let 

~(2) 

UJ\ = LUi A%1. 

The 2-form will be used in the definition of l % m . Then 

n-l 



i=l 

I. 5 Slicing a membrane 

In this subsection, we examine what happens to the 2-dimensional iterated integrals, 
when the 2-dimensional region is cut into two pieces. We write an analogue of Theorem 

II. 21 and Corollary 11.31 for 1-dimensional iterated integrals, when the path is cut in two 
pieces. Both of these formulas are given on the level of iterated integrals and on the level 
of generating series of iterated integrals. 

Consider the square [0, 1] x [0, 1]. We will separate it into two domains in the following 
way. 

Let 70 be the path that follows the lower edge and the right edge of the square. 
Namely, 

70 : [0,2] -> [0,1] 2 



70 (t) 



(t, 0) for < t < 1 

(M-l) forl<£<2 
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Let 71 be the path that follows the left edge and the upper edge of the square. Namely, 



71 : [0,2] -> [0,1] 2 

(0, t) for < t < 1 

(t - 1, 1) for 1 < t < 2 

We want to consider a homotopy 7 S between the two paths 70 and 71 . Let 



71 (*) 



(0, t) for < t < s 

(t- s,s) for s < t < 1 + s 
(l,t — 1) forl + s<t<2 



Consider the two rectangles So = [0,1/2] x [0,2] and Si = [1/2,1] x [0,2], where 
s varies in the first interval and t varies in the second interval. Let <Jq{€) = (t,0) for 
< t < 1/2 and ai(t) = (t, 1) for 1/2 < t < 1. Then 7 S for < s < 1/2 has domain 
So U o\ and 7^ for 1/2 < s < 1 has domain do U Si. We are going to write So^i instead 
of So U o\ , when the end of the paths in So is the beginning of the path a\ . 

Let 

J.{s,t) = j s (t). 

Then we can slice the square [0, 1] x [0, 1] into the following two domains: 



and 

Let also 



7«koSi. 

S = SoC"i U CqSi. 



As always we denote by s the variable, which parameterizes the variation of paths. 
Note that in the 2-dimensional iterated integrals the variables t±,t2, ■ ■ ■ cannot be per- 
muted. However, in direction of increasing s, we have " commutativity" in the sense that 
we can integrate first s in the interval [1/2, 1] and then add this to the integral of s in 
the interval [0, 1/2], where in both integrals we have the same domain for t±, £2, • • •■ Let 



t.:S^X 



be a variation of paths on X and let u±, ■ ■ ■ ,oj n be closed 1-forms on X. Let 

fidt = T*UJi 

on S. Then we have the following lemma. 
Lemma 1.6 




/idii A • • • A fi-idU-! A (fifi+ids A U) A fidt i+2 A • • • A f n dt n = 0. 
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1.6 Composition of a path and a 2-dimensional region 



Let 7, be a homotopy of paths, fixing the end points. The 2-dimensional region is the 
one covered by 7,. Let a be a path, whose starting point is the ending point of the 
paths in 7.. Let 7.0- be the composition of a path from 7. with the path a. We want 
to express a 2-dimensional iterated integral over 7,0" in terms of iterated integrals over 
a and 2-dimensional iterated integrals over 7,. 

These integrals are related by the following theorem. 

Theorem 1.7 Let lo±, ■■■ ,co n be closed 1-forms. Then 

/ WlO---o(w i Aw i+1 )o---OW„= ^ / • AWj+i)o- • -OUJj / u j+1 o- ■ -OU) n . 

Proof. The proof is the same as in the case of 1-dimensional iterated integrals. The 
only difference is that if j < i then the domain for the first integral will have dimension 
j + 1, which is larger than the number of differential 1-forms, which is j. Thus, the first 
integral will be zero. 



1.7 Three-dimensional iterated integrals 

In this section we recall certain type of Chen's iterated integrals, which we call 3- 
dimensional iterated integrals. These integrals are defined by integration over a (real) 
3-dimensional region of a variety. After we recall the definition and give notation, we 
state an analogue of Stokes theorem for 3-dimensional iterated integrals, which expresses 
2-dimensional iterated integrals over the boundary of a 3-dimensional region in terms of 
2-dimensional iterated integrals over the same region. 

Let X be a smooth complex manifold of dimension at least 3. Let 001, . . . ,oo n be 
closed holomorphic differential 1-forms on X. Let id^\ ■ ■ ■ ,uin^ be closed holomorphic 
differential 2-forms on X. Let u/ 3 ) be a closed holomorphic differential 2-form on X. Let 

7.0 : [0, 1] x [0, 1] -> X 

and 

7.1 : [0, 1] x [0, 1]^X 
be two homotopies of paths, which fix the end points. Let 

7.. : [0, l] 3 X 

be a homotopy of the two homotopies of the path 

7.0 : [0, l] 2 X 

and 

7.! : [0, l] 2 -> X, 

which fixes the end points, such that 7»,(t, s±, 0) = 7»o(i, si) and J»»(t, s±,l) = 7.1 (t, si). 
Define also the following homotopies of paths 



7o.(M2) = 7..(t,0,s 2 ) 
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and 

Define also a domain 

A^. = {(ti,-",*n,si,«2) G [0,l] n+2 |0 < tl < •■■ < t„, < si < 1, < s 2 < 1}. 

We will omit the variables si and s 2 from the notation of 7^.Wj(si, S2, ij), 7il,w- (si, S2, i«) 

and 7*.wf ) (si,s 2 ,ti). We will write 7*.w i (t i ), 7« w f ^i) and 7« w i 3) (^)> respectively, in 
their place. 

Definition 1.8 A 3 -dimensional iterated integral over 7,, can be of two types. One of 
the types is defined by 

= f f Xy.. wi o ■ ■ ■ o o u/ 3 ) o o---ou n = 

= Iah. 7.>i(*i) A • • • A 7;.Wi_i(ti_i) A 7^.^ (3) (*i) A J*,uj i+1 (t i+1 ) A • • • A 7*.w n (t n ). 
^4nti £/ie ot/ier tj/pe is defined for i < j — 1 

= / / J 7## Wi o ■ ■ ■ o o c^ 2) o o • • • o o;j_i o O Wj+l o • • • o u n = 

= /a?. 7i.wi(ti) A • • • A 7 :.w i _i(t i _i) A 7.*.wf A 7.*.^+i(^+i) A • • • 

(2) 

• • • A 7;.Wj_i(tj_i) A 7*.w] (tj) A 7.*.w i+ i(t j+ i) A • • • A 7*.w n (in)- 
Now let us recall Stokes theorem for 3-dimensional iterated integrals. Let 



Let 

and let 



~(2) 



w- 3) = w- 2) A u i+1 



~(3) A (2) 

= Wi-i A to I 



~(2) ~(3) ~(3) 

Theorem 1.9 T/ie forms uj- , oj^ and t^J^ will enter in the definition of the 3- 

(2) 

dimensional iterated integrals. The 2-form u>\ will enter in the definition of the 2- 
dimensional iterated integrals. Then 

p — p 4. p — P — 9 \ " p<i 

We will use a particular case of this theorem, which we will formulate in a corollary. 
Corollary 1.10 Over a two dimensional complex manifold, we have 

p _ p _l p _ p — n 
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2 Abstract reciprocity law 



2.1 Definitions 

Consider X a projective smooth surface over the complex numbers. Let fa for k = 1, 2, 3 
be rational functions on X. 

Definition 2.1 (Divisors Cj and -D^ J Denote by C{ for i = 0,1, . . . , iV f/ie components 
of the divisors of fa, fa and fa. Assume that the curves Cj are non-singular and that 
they intersect properly. Let 

N 

div(fa) = ^n ki Ci. 

i=0 

Lei &e a rational function on X, which has zero along Cj o/ order 1, and /ias no zeroes 
or poles along Cj for j ^ i. Let 

Mi 

div(xi) = Cj + y^^mjjDjj. 

3=1 

We choose Xi for i = 0,1,..., M so that D-ij ^ D^ji for ^ (i',f). Let y-ij be a 

rational function on X, which has zero along D{j of order 1, and has no zeroes or poles 
along Cy for i! = 0, 1, . . . ,M and along D^ji for (i',f) ^ 

We will examine what happens along the curve Cq. Choose a small positive number 
e. Let < eo < e and < e\ < e. We will define a tubular neighborhood of radius eo 
around the following space: the curve Co minus e\ neighborhoods of the intersections of 
Co with Cj for j > and with D^j for all i and j. Near the intersection points we will 
define tori. We are going to make precise what means eo or e\ neighborhood. We need 
this 2-dimensional region in order to examine iterated integrals over it. Afterwards, we 
are going to cut this 2-dimensional region so that topologically it looks like a rectangle, 
where each side is a path on X, which lies on an algebraic curve. 

Definition 2.2 (Intersection points Pji and P\ji) Let 

N 

\Jp jl = c 1 nc j 

3=1 

and let 

Mi 

\Jp Xjl = c\nD lr 

3=1 

We will construct compact neighborhoods, which separate the points Pji and P\j\- 
Definition 2.3 (Neighborhoods Tji and T\ji of the points Pji and P\j\) Let 
Ej = {Pe X\\x Q {P)\ < e and \xj(P)\ < ei}. 

Define 

Eij = {P € X 

Denote by Tj\ the connected component in Ej around the point Pji. Also, denote by T\ji 
the connected component in E\j around the point P\ji- 
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MP) 

Vii(P) 



< 



"1 i 



and \yij(P)\ < e\j}. 



We will find relations between the exponents m\j and the small constants e\j so that the 
set E\j consists of small compact sets. 

If mij > then we want < e and < e. This can be achieved by taking 

e < e l+mi] 

and 




If mij < then we want -4%- < e and ey < e. This can be achieved by taking 

e < e 

and 

< e. 

Globally, we can choose eo so that eo < e 1 + maxm ij ; where the maximum is taken over all 
j's such that m\j > 0. If all mij < then choose eo < e. For e±j, we choose e\j < e if 
mij < and e™ 13 < min(e m «, f ). 

For fixed j, we can choose e small enough so that the compact sets Ej is a disjoint 
union of neighborhoods - one for each point Pji. Similarly, for fixed j, we can choose e 
small enough so that the compact sets E\j is a disjoint union of neighborhoods - one for 
each point P\j\- Pick the smallest values of e among the above choices. We can choose 
e even smaller, so that the compact neighborhoods Tji for all j and / and the compact 
neighborhoods T\j\ for all j and I are disjoint. 

Definition 2.4 (Tubular neighborhood) Let 

Tb = {P e X\\ Xl \ < e } - [jfji - |Jf 1:7 -,. 

3,1 3,1 

Definition 2.5 (Foliation of the tubular neighborhood) Let u be a complex number such 
that \u\ < eo- Define 

Tb u = {PeX\ Xl (P) = u}. 

Note that Tb C C . 
Definition 2.6 Define 

D eo = {«€C|H <e }. 
Lemma 2.7 (fibration) For all u < eo, the sequence of topological space 

Tb u ^Tb^ D eo 

is a fibration, which splits, since D tQ is contractible. 
Proof The map 

x :Tb^ D eo 

is a restriction of the map 

x : X ->• C, 
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which is singular only at finitely many points in the range D eo . Thus, by decreasing eo, 
we can assume that x~o is singular at most at one point of D eo . If it turns out to be 
non-singular then we have a fibration. 

Assume the map xo has one singular point uq in D eo . If uq ^ then we can decrease 
eo so that eo < uq. Then xo will not have a singular point. 

Assume that xq is singular at £ D eo . Consider the boundaries of Tbo and Tb u . 
Note that the connected components of their boundaries are circles. Also, each of the 
two spaces have the same number of connected components of their boundaries. We 
claim that small neighborhoods of their boundaries are homotopic. Let e' be a small 
positive real number. Then connected components of the domains 

{PeTbu^ < \ Xj (P)\ < (l + e')ei} 

and 

{P€T6 |ei < \xj(P)\ < (l + e')ei} 

are cylinders, corresponding to the points Pji for admissible values of /. Similarly, con- 
nected components of the domains 

{P£Tb u \e l3 <\y l3 {P)\<{l + e')e l3 } 

and 

{PeTb \e lj <\y lj (P)\<(l + e')e lj } 

are cylinders, corresponding to the points P\ji for admissible values of I. By decreasing 
u we obtain a degeneration of the topological surface Tb u to Tbo- Now one can use 
Riemann-Hurwitz Theorem. Since the number of connected components of the bound- 
aries of Tbo and Tb u are the same and also small neighborhoods of the boundaries are 
homotopic, we obtain that the topological surfaces Tbo an d Tb u have the same genus. 
Thus, Tbo an d Tb u are homotopic. This proves that we have a fibration map xq. A 
direct consequence of the above lemma is the following corollary. 

Corollary 2.8 (homotopy) For all u < eo there is a homotopy map 

h:D eo x Tb -> Tb, 

such that 

h(u,Tb ) =Tb u . 

Definition 2.9 (Points, loops and paths on Tbo) Let Q € Tbo be an interior point. Let 
Rji and R\ji be base points on each of the connected components of the boundary of Tbo ■ 
We choose Rji and R\ji so that they are close to the intersection points Pji and P\ji- 
Let o'^ be a loop on Tbo defined by 

a% :[0,i\^T jt 

t^(x ,x i )- 1 (0,e 1 e 2 ^), 
starting at Rji = (xq, Xj) _1 (0, ei). Let also cr? 7 be a loop on Tbo defined by 



a? j7 :[0,l]^T lj7 
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starting at R\ji = (xo, Xj)~ 1 (0, e\j). 

Let jji be a path from Q to Rji and let 7^7 be a path from Q to R±ji . 
Denote by 

o-ji = ljl°hjl l 

and 

o-iji = lijlPijlTji- 
Choose the paths jji and 71^7 so that the loop 5, defined by 

is homotopic to the trivial loop at Q, where g is the genus of the curve Tbo and 

is the commutator of loops cti and around the handles of Tbo ■ Note that the genus of 

the topological surface Tbo is the same as the genus of the curve Co ■ 

Definition 2.10 (Points, loops and paths on Tb u ) We lift the points Q, Rji and R\ji 
and the loops and paths jji, jiji, a'- t , cr' lj7; Oji, o\ji, on and Pi from Tbo t° Tb u , using 
the homotopy h from Corollary 2.8. Let 



Q = 


= h(u, Q) 






Rji 


= h(u,Rji), 


Riji 


= h(u,Riji) 


%i 


= Hu,lji), 


liji 


= h(u,j 1:j i), 


3« 


= h( u ,°ji), 




= Hu,a' 1:jl ), 


a-ji 


= h(u,(Tjl), 




= h(u,aiji), 


OLi - 


= h(u,ai), 


h = 


h{u,j3i) 



on Tb, 



a ■ 



Definition 2.11 (Loops around the curve Co) For u = eoe 2mt , we define the loops 

r(t) = h(eoe 2mt , Q) , starting at Q 

Tji(t) = h(eoe 2mt , Rji), starting at Rji 

Tiji(t) = h{eoe 2mt ,Riji), starting at R Xjl 

on Tb around Co- 
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Definition 2.12 (Tori T' jV T[ jV T jh T ljt and T { ) For u = e e 27vit , we define the tori T fl 
and Tiji 

T> 3l = {hie^^a'^sW / S /l,0/t/l}, 

T[ jt = {Me e 2m V lj7 ( s ))|0 + s + 1,0 + t+ 1}. 

T jt = {/i(e e 2 -V;z(s))|0 + s + 1,0 + t+ 1}, 

Ty, = {^(eoe 2 ^,^-;^))^ + s ± 1,0 ^ t+ 1}. 

T, = {^(eoe 2 -*, k,A](s))|0 ^ s ^ 1,0 ^ t ^ 1}, 
where T'- v T[j t are tori near the points Pji and near P\j\, respectively. 

Definition 2.13 ('boundary' of the Tori Tji, T\ji and Ti) By a boundary of any of the 
above tori, we mean the loop on the torus, corresponding to the boundary of the defining 
region. More precisely, consider the two loops a'j l and Tji. They are generators of the 
torus Tji. Cut the torus Tji along both loops cK ; and Tji. We obtain a square. By 
a boundary of the torus Tji, we mean the boundary of this square. Algebraically, this 
means that the boundary is a commutator. Explicitly, 



dT'r- 


= [°*jn T 3i\-> 


starting at Rji, 




= [°'ljli T H. 


, starting at R\ji 


dTji ~- 


= [VjhTjl], 


starting at Q, 


dTiji 


= [vijl,Tjl_ 


, starting at Q, 


8T i = 


[[«», Pi],r] 


, starting at Q. 



Definition 2.14 For fixed u let [i be a loop on Tb u , starting at the point Q, defined as 
a map 

H : [0, 1] -> Tb u . 
Consider the torus T as the image of [0, l] 2 to X 

T : [0, l] 2 X, 

T(s ,s 1 ) = h(e e 2 ™°,fi(s 1 )), 

where h is the homotopy defined in Corollary 2. 8. Note that we have define two generators 
of the torus T , namely, fi and r. Similarly to Definition 2.13, we define a boundary of 
T, denoted by dT, by a commutator 

dT=[fi,r}. 
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Definition 2.15 We are going to define a new homotopy of paths that parameterizes 
the torus T from the previous definition. For s G [0, 1] we define 



' (st,0) 




t e [o, l] 


(s,t- 


1) 


te [1,2] 


(«(3- 


0,1) 


t e [2,3] 


, (0,4- 


t) 


t G [3,4] 



ATofe £/ta£ for fixed s G (0, 1) the path 7^ starts at (0, 0) and continues along the boundary 
of the rectangle with sides s and 1. In i/ie Zirmi s = 1 £/te pai/i 7^ becomes the boundary 
of the square [0, l] 2 . And for s = i/te pai/t 7g becomes just one edge in direction X2 
with length 1. Lei 7^(5, i) = 7g(i). T/ie parametrization of the torus T is given by 

7. =to 7 :, 

where o denotes a composition of functions. Define also 

Is = To 1 ' s . 

2.2 Construction of an abstract reciprocity law 

For the torus T, we have the following non-commutative Stokes Theorem (Theorem 1.5). 



Theorem 2.16 

( a ) f ®1 ^= [ [ ^ A ^- 
JdT Jl J2 J3 J JT Jl \ J2 J3 / J JT \ Jl J2 J J3 

Proof. The integrals on the left hands side are defined in Definition 1.1, using the path 

7l = T o 7 [ : t h-> X 

constructed in Definition 2.15. The integrals on the righthand side are defined in Def- 
inition 1.4, using the homotopy of paths 7, = T o 7., constructed in Definition 2.15. 
Applying Theorem 1.5 to 7,, we obtain the above theorem. 

Definition 2.17 (relation in the fundamental group) Let 




be homotopic to the trivial loop at Q in TbQ. Let S S2 , for < S2 < 1 be a homotopy 
between the loop 5 and the trivial loop at Q, where the homotopy is with fixed starting 
point Q. So that for S2 = 1 we have 

Si =8 
21 



and for S2 = we have 

So = Q- 

For each value of S2 and for fixed u consider the loop 

5 S2 = h(u,S S2 ) 

on Tb u , where h is the homotopy defined in Corollary 2.8. Note that S S2 gives a homotopy 
sitting in Tb u between Si and the trivial loop at Q. 



Theorem 2.18 Using Definition 2.17 of Si, by taking S2 = 1, and Definition 2.11 of t, 
we have 

f dfi df 2 dh _ 
/ o o = 0. 

J[Si,t] fi h h 



Remark 2.19 Theorem 2.18 will be interpreted later as the sum of the logarithmic sym- 
bols is an integer multiple of (2iri) 3 . Where are the logarithmic symbols? The logarithmic 
symbols will be 

dfi df 2 df 3 

\a jh r] fl fl H 

The integrals 



f 

J\a 



dfi df 2 df 3 
—r- ° —r- ° —r- = 



'[cK p r] fi h h 

where we use a'^ instead of dji. And finally, the integer multiple of (2iri) 3 will come from 

f df ± df 2 dh 

l o o . 

J[[&iM,r] f 1 f 2 h 

Actually there is one other source of integer multiples o/(27ri) 3 , which will be called 'extra 
terms '. 

We are going to prove this theorem using Theorem 1.6 and Non-commutative Stokes 
Theorem for iterated integrals stated in Theorem 1.9. Before doing that we have to 
make several definitions. 

Definition 2.20 (For 3- dimensional non- commutative Stokes Theorem) For each value 
of S2 and for fixed u consider the loop 

S S2 = h(u,S S2 ) 

on Tb u , where h is the homotopy defined in Corollary 2.8. Now use Definition 1.14- 
Instead of the loop fx use S S2 , in order to define a torus. Denote the corresponding torus 
by T S2 . Now use Definition 1.15 to define parametrization of the torus T S2 . For fixed S2, 
let 

Similarly, for fixed s and S2 let 

ls,s 2 = Ts.o^. 
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Now instead of the variable s write the variable s\. When s\ denote 

7ai,«(*2,t) = 7ai,a a (<)- 

Let also 

1;»(s 1} 8 2 ,t) = Js u s 2 (t). 

Proof, (of Theorem 1.18) In the notation of Definition 1.19, the domain of integration 
is dT\. It is enough to show that 

fJf A f) = Q 

Ti Jl \J2 h J 

and 

'dfi df 2 \ df- 



Using the notation from Definition 1.19 and from subsection 1.7, we have 

f f dhJdh A df3\ = r r dnjdh A dh\ 

J Jn h \ h h J J Jy. A fi \ h h J 
From Theorem 1.9, we have 

7.,. fi f2 h J-yo,. J h,. J ' -fi.fi •( J"-r.,i) h ( h h 

We have identified the last integral. Note also that 

dfi df 2 dh 
J± A JA a JA = 0, 

Jl J2 J3 

because X is a 2-dimensional variety. The domain 7,^ comes from 5 S2 for s 2 = 0, which 
is the trivial loop at Q. Then 7.^ is a 1-dimensional region. Therefore, 



, j0 Ji V 12 h 



For fixed s\ the domain of integration 7 Sl;# lies inside Tb u . Since Tb u is a subset of the 
algebraic curve on X given by the equation xq = u, we obtain that 



Therefore, 



df 2 df 3 

-7^ A -j- = 0. 

J2 h 



7o> . Jl V J2 J3 



and 

dfi o (dh A dfi 
'71,. h V /a h 
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Thus, the integral 



// fJf A f) = . 



Similarly, we can prove that 



Tj v Ji h J J3 J J 7 . a V h h J h 



Now we use Theorem 2.16, and we obtain 

ft f o f»f = 0. 
J Jan h h J3 



Definition 2.21 (pi) Define loops /Xj so that fii is either [a.j,f3j] or aji, or Let K 
be the number of all the above different loops. The integer K is chosen so that for the 
ordered product we have 

K 

\\lH = fa- 

i=l 

Definition 2.22 (ttj) Define loops m by 

3 
i=l 

Note that tt\ = fii and ttk = Si, which is homotopic to the trivial loop at Q. 

Lemma 2.23 (a) [w j+ i,T} = TTj\p j+ i, r]^" 1 ^-, t\. 
(b) [ttk,t] = l\? =1 ( y ir K - i [fj jK - i+1 ,T}Tr K 1 _ i ). 

Proof. It follows by direct computation of commutators. 

Lemma 2.24 

n f dh df 2 dh ^ f dh df 2 dh 

= / — o — o — = y i — o — o — . 

J[tt K ,t] fl fl f% i = 1 J n K _ i [lX K _ i+1 ,T]'K^}_ i fl fl f3 

Proof. The first equality is Theorem 2.18. For the second equality, we use compo- 
sition of paths in iterated integrals stated in Corollary 1.3. By induction, we can 
decompose the path [71"^, t] into two paths, then into three paths and finally into K 
paths TTK-ii^K-i+i, T \ K ^l-i for i = 1,...,K. Using Corollary 1.3, we can expand the 
iterated integral over [7Tk-,t] in terms of sum of products of iterated integrals over 
iTK-i[fJ'K-i+i,T]TT K 1 _ i for i = 1, . . . , K. Note that 

[ U!=0 

J ^K-i[^K-i+l,T]' K K-i 

for any differential 1-form uj. Therefore, when we have a product of iterated inte- 
grals in the expansion, we must have at least one integral of one differential 1-form. 
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That gives zero contribution. Therefore, there are no products in the expansion over 
the smaller paths, but only a sum of triple iterations over each of the smaller paths 
ftK-iiUK-i+i, T^K^-i- This proves the lemma. Now we are going to examine each of the 
components ^ f of of . 

Lemma 2.25 

r dfi dh dfo _ r dfi Q df 2 Q df 3 

Jni[ni +1 ,T]n i 7i h 75 " J[lH+i,r] fi Ti f:t 

, r dfi r dfo Q dfa i r dji Q dfo r dfo 

Jn t fi J[/i j+ i,r] h fz ~ J\ji i+1 ,T] fi fi h' 



Proof. Decompose the path 7Tj[juj+i,T]7r i 1 into 7Tj, [/ij + i,r] and n i 1 . Then use Corollary 
1.3. Finally, use that 

/ w = 

for any differential 1-form uj. 



Lemma 2.26 (a) For i < g, where g is the genus of Co, we have Hi = [<5j,aj]. Then 

uj = 



and consequently, 

w = 



71, 



for a 1 /orm uj. (b) When //j = <t^, we /lave 
and 

/" dh df 2 dh _ 
/ o o = 0. 

J[ih,t] h h h 
Proof. Part (a) is straight forward. Part (b) will be proven in subsection 3.1. 

Definition 2.27 When /Xj = dji, we define a new logarithmic symbol as 



dfi df 2 df 3 
o o 



\lH, T ] h /2 /3 

Definition 2.28 For i < g, where g is the genus of Co, we have \i{ = [6ti,f3i\. Then we 
call the integral 

f dh df 2 df 3 

/ o o . 

J\m,T\ h h h 

the commutator [a, 0] -terms 
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Definition 2.29 Consider the terms 

dfl f #2 Q #3 

h J[tn + i,T] h h 

and 

J\j*i+i,T] h h Jtt- 1 h 

in Lemma 2.26. The only case when these terms do not vanish is when i > g and 
Mi+i = I n this case we call the above two integrals extra terms. 

Remark 2.30 We are going to show that a commutator [a, (3]-term gives an integer 
multiple of (2-7ri) 3 in Lemma 3.25 and also that the extra terms give an integer multiple 
of (2m) 3 in Theorem 3.30. 

Theorem 2.31 (Abstract reciprocity law) 

Log[fi, fit fslcfnP = ~ ^^{commutator terms) — ( extra terms). 

Note that from the previous remark the right hand side of the above equation is an integer 
multiple of (2vri) 3 . 

Proof. For i such that \ii = dji, by Lemma 2.25, we have that the sum of the Log-symbols 
and the extra terms gives the sum of 

dfi dfi dfo 

7Ti[Mi + li T ] 7r r 1 ^ l ^ 3 

over the above type of indexes i. For i < g we have Hi = [a^dj]. Then by Lemma 2.6 
(a), we have 

dfi df 2 df 3 f dfi df 2 df 3 

o o . 

h h 



J\)K,t\ /l /2 fs ■/ir»-i[/i»,T]7rr_ 1 1 /l 

For i such that (ii = a'-^ by Lemma 2.26(b), we have that 

dfi dfi dfz 



L 



- o. 

Ki-l[Hi,T]TT i \ Jl 1 2 J 3 

We have to show that the sum of the above three integrals is zero. By Lemma 2.24, we 
have that this sum is equal to 

f dh df 2 dh 

\ o o , 

J[tt k ,t] fi h h 
where ttk = Si- Now from Theorem 2.18, the above integral is zero. 
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3 Construction of a new symbol and a reciprocity law 
3.1 Local properties. Integrating over the torus 

In this subsection, we use the notation from subsection 2.4. Consider the torus Tj ; from 
Definition 2.12. We use Definition 2.14 and 2.15 in order to define iterated integrals over 
and over dT^. Let Xi be as in Definition 2.1. Then near the point Pji we have local 
coordinates xo and Xj. For k = 1, 2, 3 let 

fk = Xo ko x™ kj g k , 

where g k are holomorphic functions near (xo,Xj) = (0,0). We are going to simplify the 
notation. 

Definition 3.1 (Integers and n k , function x, y and g k and torus Tq) 
We are going to use the integers 

m k instead of n k o, 

nk instead ofnkj, 

and the functions 

x instead of xq, 
y instead of xj , 

(see Definition 2.1 for n k o and for n^j). Also we are going to use 

To instead ofTj h 
(see Definition 2.12 for T'-J. We define g k for k = 1, 2, 3 by 

fk = x m *y n *g k . 

Note that g k is non-zero holomorphic function near (x,y) = (0,0). 

Lemma 3.2 (a) J f o f = / fa f A f = -(mm 2 - m 2 n 1 )(2^) 2 ; 
(V I k f ° (f A f) = + ni)(m 2 n 3 - m 3 n 2 ) + 0{e); 

( c ) f k (f A f ) ° f = + n 3 )( mi n 2 - m 2ni )&f + 0(e). 

Proof. Denote by 0(x,y) all the terms of degree at least 1 in the variable x or y. Denote 
by 0(1) all the terms of degree at least or higher. Note that on To we have \x\ < e and 
\y\ < e. For part (a), we have 

dfi dx dy dgi dx dy 

—— = mi h ni 1 = mi h ni h dU(x,y), 

h x y gi x y 

since gi has no zeroes or poles at x = or y = 0. Similarly, 

df 2 dx dy 

— = m 2 h n 2 1- du(x, y). 

h x y 
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Then 

-4"- A = (min 2 -m 2 ni)— A — + — AdO(x,y) + dO(x,y) AdO(x,y) + dO(x,y) A— . 
h h x y x y 

Since x and y vary over loops, we only pick the residues, when we compute the integral. 
Therefore, 

f dfi df 2 f dx dxj 2 

/ -7- A — = (min 2 - m 2 ni) / A — - = -(min 2 - m 2 ni)(27rz) . 

Jt /1 h Jt x o Xj 

For part (b) denote by 7.(3, i) = To o 7^(t), as in Definition 2.15. Note that for 
t £ [1,2], the image of 7, is one dimensional. In order to have a non-zero 2-dimensional 
iterated integral, we must have the 2-form integrated over 7, restricted to (s, t) G [0, 1] x 
[1,2]. All other intervals for t will have no contribution, since 7, has 1-dimensional image. 
Then the first 1-form in the 2-dimensional iterated integral, must be integrated over 7^ 
up to a point (s,t) € [0,1] x [1,2]. Consider the image of 7, in the (xq, ^-coordinate 
system. Then we have to integrate the first 1-form up to (x' ,Xj) along j s for some s. 
We obtain 



dfi 
— c 

I T fl 
We have 

Therefore, 



dh^dfo 
h h 



\ r r ( Kxi,x2 

J J 7[o,ip \J(x' ,xiy- 



r{xi,x 2 ) 
J(x[,x' 2 )=(0,0) fl 



— (x[, x' 2 ) 
)=(o,o) h 



dxj 



'dh^dfo 
h h 



(xi,x 2 ) 



^(x'^x^) = mi— + ni^- + 0(e) 



Xq 



r r dh Q (dfo A dfA 
J JTo h \fo A h ) 



T 



m 2 ri3 



)+0(< 



. (2m) 3 



+ 0(e). 



= -(mi + ni)(m 2 n 3 - m 3 n 2 ) 2 
Part (c) can be proven in a similar way as part (b). 



Corollary 3.3 For the torus dT' ljl} we have (a) J f dT , o ^ = / J Tq ^ A ^ = 0; 



dfi a dfo 



Proof. We are going to use the curves Dij from Definition 2.1. Since the differential 
forms ^ have no residue along D^, we obtain that the corollary as a consequence of 
Lemma 3.2. 
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3.2 Semi-local behavior. Integrating over the torus Tj[. 

We are going to use the construction of the domain of integration from the subsection 
2.4. 

Definition 3.4 (Paths 70, 7, loops uq, a, tq) We are going to use 

70 instead ofjji, 

7 instead ofjji, 
o"o instead of a'ji, 
a instead of 
To instead of Tj\. 

See Definition 2.9 for 7^. See Definition 2.10 for 7^, <t^, and <jj\. See Definition 2.11 
for Tji. 

Definition 3.5 (t' ) Let r' be a loop on Tb u starting at Q, defined in the following way. 
First define a constant C by 

(x,y)(Q) = (e 1 ,C). 
For t e [0, 1] define the loop t' so that 

r'(0) = Q 

and 

T'(t)c(x,yr\e ie 2mt ,C). 

Note that r' does not vary in direction of y, while the loop r might vary in that direction. 
See Definition 2.11 for r. 

Definition 3.6 (T and T' ) We are going to use 

T instead ofTji. 
Let T' denote a torus with generators t' and a. 

Definition 3.7 (\ l ) For fixed t, define also A* to be a segment of the straight line, in 
the complex plane x = e\e 2mt in the coordinate system (x,y), joining (x,y)(r(t)) with 
(x,y)(Tj(t)). Let 

be the corresponding path, joining r(t) with r'(t). 

Proposition 3.8 The following two iterated integrals are equal in the limit e — > 0. That 
is, 

f dxi* dxi., dxi., f dxi-, dx^ dx%.> 
hm / o o - — J o o - = 0, 



e ^ ./ [/t t'1 Xi, Xi Xj,^ ./[(jjT] 



where the commutator [a, t'\ in the first integral is the boundary ofT' and the commutator 
[o~,t] in the second integral is the boundary of T . 
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Remark 3.9 It is easier to do explicit computations, using the first integral, involving 
t'. 



Recall that To and <7o are the two loops on To (see Definitions 2.13 and 3.3). 
Definition 3.10 (S, S' 1 , S' and S 1 ' 1 ) Let S be the region bounded by 

dS = 7To7~ 1 t~ 1 . 

Let S~ l be the region bounded by 

dS' 1 = 7- 1 r 7 r - 1 . 

Let S' be the region bounded by 

ao' —1 1 

ob = 7T07 r 

Let also S" _1 be the region bounded by 

dS'' 1 = 7- 1 r j7 r - 1 . 

Lemma 3.11 

(a) lr n — L o — - O i = /„„ — L o — - o ^ + 

I / J[o-,t'\ x ix Xi 2 Xi 3 J oT x ix x i2 Xi 3 

r- dXj 1 r- j- dXj 2 (lXj 3 

+ xu J JS'- 1 x^ A Xi , + 



r r dxi x ^ dxj, 2 r dxj 3 _ 

J J S f ^ Xl-^ Xi 2 JCTq Xi 3 ' 

/7 \ c dx{, dx^r, dx^ p dx^-. dx^n dx^r, 

b r , L O O i = /„ 3- O O i + 

l / J[o-,t\ x il Xi 2 Xi z JoTq x ix x i2 x i3 

r- dXj x r- r- dXj 2 dXj 3 

J&0 x tl J JS^ 1 x i2 Xi 3 ~ l ~ 

r r dXj l ^ dXj 2 r- dxj 3 
J JS 1 Xi^ X^ 2 ^CTq Xi 3 

Proof. Consider the domain 

SU^S' 1 ^ 1 . 

Note that S and 7»S' _1 7~ 1 parameterize the same domain but with opposite orientations. 
Then 



dx^ ^ / dx{ 2 ^ dxi 3 . ^ 



'3 

and 



r / dxj L dxj 2 \ ^ dxj 3 _ 

J Su-yS- 1 ^- 1 V x h x i'2 ) x h 



/SU 7 S- 1 7- 

Prom Lemma 1.6 for composition of domains of 2-dimensional iterated integrals for 
the domain T, we have 
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f f ^ii o ( ^ia. A ^\ = f f ^ii o f ^ a + f f ^ o f ^ a + 



, r r dxii D f a ^23 ^ , f f f ^2 a ^3 , 

J JT Xi t \ x i2 x i:j J ' J7 x 4l J Jt Xi 2 x i3 ' 

J 7 i~ J J5- 1 x i2 ~x~ 

Using the above relation for the domain SU^S^ 1 ^^ 1 , we obtain part (b) of the Lemma. 
Part (a) can be done in a similar way, when we write S' instead of S and r' instead of r. 
Denote by S"" 1 — S -1 the region bounded by tjt^ 1 . Then we have the following lemma. 



Lemma 3.12 

p dxj,-. d,Xi n dx4 r dxi-. dxi n dxi 

, L o 2- O i — , , ^ o i- O i = 

J [<T,T ] Xj,^ "^*3 L^"'^"] *^*2 

/. dXj^ r r dXj 2 dXj 3 

- Jao ~ J JS'-L-S- 1 ~ A ~ + 

r r dxi 1 dxi 2 r- dxj 3 

+ J JS'-i-S- 1 ~x~~ A ~ Ja- 1 Xi 3 ■ 

For the region S"" 1 — S 1-1 , we have the following lemma. 
Lemma 3.13 

f f dxi-. dxi 2 f dxi-, dxi 2 
/ / A =/ o . 

Proof. It follows from non-commutative Stokes theorem for iterated integrals (Theorem 
1.5). 

Proof, (of Proposition 3.8) In order to prove the proposition it remains to show that 



lim f dx lLo dxi 1 = Q _ 

e^0J T , T -i X ix X io 



Afterwards, we can use the above three lemmas. 

If i\ 7^ or 12 7^ then the above integral becomes in the limit e — > 0, If i\ = ii = 
then — — A — — = 0. And by Lemma 3.6, we have that 

Xi-^ Xi 2 



J 

Jt' 



dx<i, dXi 2 

- o = 0. 



Denote by 

dfk 

jk 

for k = 1, 2, 3. Using Stokes formula for 1- and 2-dimensional iterated integrals (Theorem 
1.5), we obtain the following lemma. 
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Lemma 3.14 

/ WiOW 2 OW3= / / UJl O (ljJ 2 A U) 3 ) + / / (Wi A UJ 2 ) O UJ 3 . 
J&T' J Jt' J JTji 

Using Lemma 1.6 for composition of domains of 2-dimensional iterated integrals, we 
obtain the following lemma. 

Lemma 3.15 

( a )I It' w i ( w 2 A w 3 ) = / Jr wi o (wa A w 3 ) + J 7Q wi / / T(j w 2 A u 3 + J cto Wl / J s ,_! w 2 A u 

Jt' ( w i A w 2 ) o ^3 = / Jr (wiAw 2 )ow 3 + / J Tq wi A u 2 / 7 _i w 3 + / wi A w 2 
Proof. It is the same as the proof of Lemma 3.7. 
Lemma 3.16 

( a ) (2^p" I It' w i (^2 A w 3 ) = -(mi + ni)(m 2 n 3 - m 3 n 2 )iri+ 

-(m 2 n 3 -m 3 n 2 )/ 7o ^+ 

_ m3ni r 

1 J 70 92 

+^^^ + 0(6); 
( & )(2iiF ^ A w 2 ) ow 3 = (m 3 + n 3 )(min 2 - m 2 m)iti+ 

( '" 1 "2 - m 2 ni) f • 



; 70 93 



70 92 

-^n 3 / 70 ^ + O( e ). 

Proof. For part (a) we have 

/ Jr (^2 A w 3 ) = + / J Tq wi o ( W2 A w 3 ) + 

+ / 7 w i / Jr w 2 A w 3 + j a Wi / / s ,_! w 2 A w 3 

From Lemma 4.3 part(b), we have 



cji o (w 2 A w 3 ) = -^(27ri) 3 (mi + rai)(m 2 ra 3 - m 3 n 2 ). 
T 2 



This takes care of the first summand in this lemma. Consider the functions fk and 
in terms of the local coordinates x and y near the point Pj\. Using Lemma 4.3 part (a), 
we obtain 

/ uji [ I uj 2 Auj 3 = -(m 2 n 3 - m 3 n 2 )(2iri) 2 f 

J-y J JTq J-y Jl 
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When we express fi in term of g\ and powers of x and y, we obtain 

(2^F A Ul f ^2 A W 3 = " (™2™3 " ™3™ 2 ) Xy ^ifi^ 



Now we have to compute 



We have 



= -(m 2 n 3 -m 3 n 2 ) (n.J^ + J^). 

la 1 l is'- 1 

I 



0J 2 A ui 3 . 



wi = mi(2iri). 



We can simplify the double integral by using that S'^ 1 = 7 _1 xr'. Also, we can express fk 
as x mh y nh gk and then use that under the integral we must have dx/x, since we integrate 
the variable x over the loop tq. For the differential 2-form under the integral, we have 

/ dx dy dg 2 \ ( dx dy dg 3 

u 2 A lo 3 = m 2 h n 2 1 A m 3 h n 3 1 

V ^ y 92 J \ x y g 3 

When we pick only the terms that involve dx/x, we obtain the 2-form 

.dxdy dx dg 3 dx dg 2 

(m 2 n 3 - m 3 n 2 ) — A h m 2 — A m 3 — A . 

x y x g 3 x g 2 

The term — (m 2 n 3 — m 3 n 2 )^r A y gives 

f f dx dy f dy 

/ / -(m 2 n 3 - m 3 n 2 ) — A — = -(m 2 n 3 - m 3 n 2 )(2iri) / — . 
J Js'-i x y ~ y 7 -i y 

This term cancels with the term 



lim -{m 2 n 3 - m 3 n 2 )n x [ — , 

J 1 y 



coming from 



The 2-form 



I-y I It 



UJ 2 A U! 3 . 

To 



gives 



dx dg 3 
m 2 — A 

x 53 



dx dg 3 f dg 3 

m 2 — A = — m 2 {Zm) I . 

S'-i x g 3 y 7 -i g 3 



Finally, the 2-form 



gives 



dx dg 2 
m 3 — A 

x g 2 

f f dx dg 2 f dg 2 

I I m 3 — A = m 3 [2m) I . 

J Js'-i x g 2 y -i g 2 



'7 

This proves part (a) of the lemma. 

Part (b) can be proven in the same way. 
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3.3 Differential equation 



We will define a partial differential equation, which has no solution locally, but has a 
solution only over a fixed path, when it is reduced to an ordinary differential equation. 
Let Ai for i = 1, . . . , n be indeterminant constants which do not commute. One can 
think of them as constant square matrices. Let hi for i = 1, ... ,n be rational functions 
on X. Consider the differential equation 

i=i % 

where the multiplication is matrix multiplication (or multiplication of indeterminant 
constants). When this partial differential equation is restricted to a path, we obtain a 
solution, given by a generating series of iterated integrals. 

From Lemma 2.6 it seems that the differential ^ should anti-commute. Thus, our 
first attempt to relate a differential equation to a logarithmic version of the Parshin 
symbol is the following 

dF = F j2A k d J±, 

k=l * k 

where the indeterminant A k for k = 1, 2, 3 anti-commute. 

Why this attempt is not good? The factor x\ from f\ and x\ from /2 lead to sum- 
mands ^ in ^p- and ^ in ^2.. These two copies of commute, when iterated. 

X\ J\ X\ J2 X\ 

However, because the constants A\ and A2 anti-commute in the above differential equa- 
tion, we obtain that the two copies of ^^r 1 - one coming from A and the other from f'2 
- should anti-commute. Thus, the both commute and anti-commute, when we use the 
above differential equation. 

Instead of considering the functions f/, for k = 1,2,3, we must decompose the three 
functions into factors. We want these factors to enter in the choice of local coordinates. 
(Later we will show independence of the choices of local coordinates.) Also, we want 
similar factors coming from different f^'s to commute and different factors coming from 
different functions fk to anti-commute. In order to do that we must distinguish between 
similar factors, coming from different functions /fc's. 

Definition 3.17 (factorization of the functions fk for k = 1,2, 3.) We are going to use 
the definitions of Xi and the corresponding powers nk% for i = 1, . . . , N from Definition 
2.1. Define x^r+fc for k = 1, 2, 3 by 

N 

XN+k = fkY[ X i mkt - 

i=l 

Define also the constants tun+i^ for k, I = 1,2, 3 by 

m N+l,k = &~kh 

where 5ki is the Kroneker delta function. We are going to use the factorizations 

N+3 

fk=U x T k >- 

i=i 
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Then we have 



At N + 3 A 
djk sr^ dx i 



Definition 3.18 Consider the differential equation 

3 N+3 

dF = F^2Yl A ki m k 



k=i i=i Xl 



We are going to use solutions of this differential equation along a path 7, which we will 
denote by 

Definition 3.19 (Variable A for the purpose of the new symbol) We set an equivalence 
among certain monomials in the variables A^. Let 

A ~ A ldl A2,j 2 A 3:j3 

for all values of j±, 32 and j 3 . 

Definition 3.20 (Variable B for the purpose of the logarithm of the Parshin symbol) 
Let a be a permutation of {1,2,3}. Define an equivalence 

B ~ A ldl A 2>j2 A 3d3 ~ A a{1)Jl A a ( 3)d2 A a ( 3) j 3 . 

For ji / j 2 +j 3 ^ ji, let 

^(1)^2,^(2)^3,^(3) ~ sign{a)A lth A 2 , j2 A 3&i . 
For j\ = J2 7^ j 3 and for a permutation a of {1,2}, define the equivalence 

^ij CT (i)^2,j CT(1 )^3,j CT ( 2 ) ~ sign{o-)A lth A 2 , h A 3 j 2 . 
For j\ = and 32 7^ define 

B ~ Aij 1 A 2 ,j 1 A 3tj2 . 
3.4 The commutators [a i: fy] 

In order to prove a reciprocity law for the logarithm of the new symbol Log\f\, f2, fzYc^p. > 
we have to consider the loops on Co, given by the commutator [aj,/3j]. 

Definition 3.21 Define a torus 

T- = h(u, [aj,Pj]), 

for \u\ = e\. 

Lemma 3.22 Let a be any loop on X and let f be a rational function on X. Then 



fd£ 

J a f ' 



2irin 

Ja f 

for some integer n. 
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Proof. Consider / as a function from the variety X to CP 1 — {0, oo}. On CP 1 — {0, 00} 
we have the differential form dz/z. Then 

l%= f r-= ! - = 2™ 

Ja J Ja z J f„a z 

for some integer n. 

We are going to use the following lemma for commutators. 

Lemma 3.23 (a)f^ a ^ uj = 0; 

0>) ^1 ^2 = f a wi J p U 2 - Jp wi f a uj 2 ; 

W/m W 1° W 2°W 3 = / a WiOWjJ / ,W 8 -/ iJ W 1 OW ! / a U 3 + 

+ / a W 3 W 2 J ;3 Wi-^W30W2/ Q Wi- 
- Ja ^1 J/3 ^2 / a W 3 + Ui f a UJ 2 Jp Wg. 

Proof. Part (a) is trivial. Part (b) is Theorem 3.1 in [Hj. Part (c) is Theorem 4. in [H]. 
Proposition 3.24 The 2- dimensional iterated integrals 

f f dh df 2 dh 

I I o o 

J JdT^ h h h 

is an integer times (27ri) 3 . 

Proof. Let a be the loop in the fiber of the torus TL First we prove the following lemma. 



Lemma 3.25 

dfi df 2 df 3 

o — — o — 

X 3 



{2m 



,-3 



1,0-1 fi /2 /; 



is an integer. 

Proof. Using part (c) of the Lemma 5.7 we obtain 

f 4L df2 dh _ r dfi dfaf^_rdfi n dh_r d h 1 

J\\a,P\,T] h h h ~ Jla,P\ h h Jr f 3 Jr % ° f 2 J{a,f3] h 

if dfo dh r dfi _ r dfa n dfa r dfi 
^ J[<*A h h Jr h Jr h h J\<*A h 

_ r dfi r dh r * 1 r * f dfa f dh 

J[a,fi] h J r h ha A h ~ l ~ ->r fi J[a,f3] fa Jr h ' 

From part (a) of Lemma 5.7, we have that an integral of a 1-form over a commutator 
is zero. Therefore, 

J[[<x,p],r] h h h J[a,/3] h h Jt h J[a,0] h h Jt h 
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Now we use part (b) of Lemma 5.7. And we obtain 

J[[a,P],r\ h h h ~ \ J a h h h h h Joe h ) Jr 

+ \->a f 3 J/3 h Jf3 f 3 Ja f 2 J Jr /i 

By Lemma 5.6, all of the integrals of 1-forms are integer multiples of 2iri. This proves 
the lemma. 

Proof, (of Proposition 5.15) The boundary of the torus T' is [a[a,/3]]. By the above 
lemma the integral is an integer multiple of (27ri) 3 . 

Definition 3.26 (h/,) We have that is the order of the function f^ along the curve 
Co- Also we have that x is a rational function on X that has zero of order 1 along Co- 
Define functions hk by 

fk = x m *h k . 

Corollary 3.27 For fixed j the contribution from the commutator [ctj,/3j] is the iterated 
integrals 

f $9T> ^h°^h°^h = 2mm l {j aj TT 1/3, ~ 1/3, TT I aj Ti) + 

+27um 3 (j aj TT fpj TT ~ Ifa TT Iaj Kf) ■ 

3.5 Extra terms 

The source of the extra terms are the integrals 

Jin fl J[//j_|_i,r] f"i f% 

and 



f * ^ / ^3 

J[Hi+l,T] fl fl JirT 1 h 



from Definition 2.29. Note that their difference is the same as the sum of the coefficients 
equivalent to A in F^^ ^-i - F [flt+ur] . 

In terms of the differential equation, an extra term is the difference between the 
coefficients of A Ul A 2i2 A 3i3 in i^^ ^-i and in F [fli+ur] . 

Lemma 3.28 The difference between the coefficients of A±j 1 A 2 j 2 A 3 j 3 in F n ^ 
and in F[ w+1 , r ] is 

(o^ 2 ^ ^ ^ | f f dxj 2 dxj, A f dxj 3 f dxj x dx j2 \ 

(2m) n jin2j2 n 3j3 — — ° — ~ / — / — — ° —— I ■ 

Proof. Cut the loop 7Tj[Mi+i> t]^ 1 into 3 loops 7Tj, [//j+i,r] and ■ Then use Corollary 
1.3 for composition of paths. 

Recall that Lj is the number of intersection points of Co and Cj. 
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Definition 3.29 For k = 1,2,3 consider the orders of vanishing nik and nikj of x and 
Xj, respectively, (see Definitions 3.23 and 3.25.) Let 



m 2 n 2 j 
m 3 n 3j 



, D 2 (i) = 



m 3 n 3j 
mi n\j 



, D 3 (i) = 



mi i%ij 
m 2 n 2 j 



Theorem 3.30 The sum of the coefficients equivalent to A in 



IS 



N 



( n ih D i(h) - n 3jl D 3 (j 2 ))L jl L j2 . + - ^T(ni j2 Di(j 2 ) - n 3j2 D 3 (j 2 ))L j2 (L j2 - 1). 

jl<J2 J2 = l 

Proof. Fix ji , j 2 and j 3 . We are going to use the above lemma. We consider the sum 



E 



doc j 12 doc 



7Tj X jl J[im +1 ,t] x h x iz 



The second integral is zero if j 2 ^ and j 3 ^ 0. Let j 3 = 0. Again the second integral 
is zero if /Uj+i ^ aj 2t i for all I = 1, . . . , Lj 2 . Suppose that /Xj+i = <Tj 2 ,i- Then 

r dx llQ dxo = (27r . )2 _ 

J[m +1 ,T] x h x o 
Let I > 1 so that fii + i = Oj 2 j,- Then 



'J2-1 / L j' \ \ Z-l 

, 1 II n°j'l' II 7 V 



Then we have 



An for ii < j 2 
I - I for ji = j2 
k for ji > j 2 . 



Therefore, 



1=2 Jl 32,H • ?1 • y [A t i2,i' 



— — o . 



t] x h x o 



L h {L h - 1) for ji < j 2 
\ L h( L h- x ) for ii = J2 







for ji > j 2 . 



If I = 1 in = <7o 2i / = (Tj 2i i. Then 



)2-l / L 7 



.72 



7Ti = TTja-l,^.! II II O-j'/' 
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The contribution of the extra term for I = 1 is 



( 2vr i)-3 j ±11 f 

Jltjn,l-1 X h J[l- 



dxj 2 dxQ 



L h for ji < 32 
, for ji > j 2 - 



Therefore, 



(ari )-W 



dxj 2 dxQ 



t] ^32 ^0 



( L h L j2 for ji < 32 







for ji > 32. 



Therefore, the coefficient of A\ 31 A2 32 A^ in 

i[Hi+li T ] 



IS 



n lji n 2j2 m 3 L ji L j2 for Ji < J2 

2-n lj2 n 2j2 m 3 L j2 (L j2 - 1) for ji = j 2 

for 3\ > j 2 . 

Similarly, the coefficient of Ai 31 A2oA^ 32 in 

i 

is 

-ni il n 3j2 m 2 L jl L i2 for ji < j 2 

-ln lj2 n 3j2 m2L j2 (L j2 - 1) for j\ = j 2 

for ji > 32. 

Therefore, the coefficient of A\ 3i A2 32 A^q plus the coefficient of A\j 1 A2oA 3 j 2 in 

i[/i i+ i,r] 



IS 



n iji D i(h)Lj 1 L j2 forji<j 2 
5^1 j 2 A {h ) L j2 (L j2 - 1 ) for ji = j 2 





Note that the coefficient of AioA2j 2 Asj 1 in 

[«+i> T l 
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for ji > 32. 



is zero. 

Similarly, the coefficient of AioA 2 j 2 A 3 j 1 plus the coefficient of Aij 2 A 2 oA 3 j 1 in 



^^(-^Wt-l,T]7T 1 



is 



-nzhD z {j 2 )L h L j2 for ji < j 2 

~ h n ?>h D 3 (h ) L j2 (L h - 1 ) for ji = j 2 

for j 3 > j 2 . 

The contribution of all the extra terms is 

1 N 

Yl ( n ih D i(h) ~ n 3jl D 3 (j 2 ))L h L j2 . + - ^(ni j2 L»i0 2 ) - n 3j2 D 3 (j 2 ))L j2 (L j2 - 1) 

Corollary 3.31 E'ac/i o/ the extra terms is and integer multiple of (2ni) 3 . 
3.6 New symbol 

Definition 3.32 (Logarithmic version of the new symbol) For k = 1,2,3 define m k 
riki, n k = n kj and g kj = x± mk xj nk f k = Ui^ij X T' 
Define a logarithm of the new symbol as 

Log[f u f 2 , h]c l , Pjl = ^(27ri) 3 ((m 1 + n 1 )D 1 - (m 3 + n 3 )D 3 )+ 
H D 1 + m 2 n 3 ) ^ + D 2 ^ + (D 3 - m 2 m) ^ ^, 



>ljl 92 j 



nn 93j 



where 



D, 



m 2 


n 2 


, D 2 = 


m 3 


n 3 


, and D 3 = 




m 


m 3 


n 3 




mi 


m 




m 2 


n 2 



Using Lemma 3.16 and Lemma 3.14, we obtain the following corollary. 
Corollary 3.33 In terms of iterated integrals, the logarithm of the new symbol is 



t rtt *W f d h df 2 df 3 



3.7 Reciprocity law for the logarithm of the new symbol 
Theorem 3.34 



Y J Lo 9ifiJ2,f3]Zp jl = (2^) 3 (M + iV), 
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where 

M = 52 jl<j2 ( n iji D i(h) ~ n 3h D 3 {j 2 ))L h L j2 

+\ J2f 2 =i( n ij2 D i(h) ~ n 3j2 D 3 (j 2 ))L j2 (L j2 - 1), 

+ (2ni)-*m 3 (4 ^ 4 % - 4 % 4 ^) , 

Proof. Form Theorem 2.31, we have that the sum of the Log-symbols is equal to the 
sum of the extra terns N and the sum of the commutator terms M. The sum of the 
commutator terms is given by Corollary 3.27. And the sum of the extra terms is given 
by Theorem 3.30. This proves the theorem. 



4 Logarithmic version of the Parshin symbol 

4.1 Integration over a torus revisited 

We are going to use the differential equation from Definition 3.18 and the equivalence 
from Definition 3.20. 

Proposition 4.1 The sum of the coefficients of the monomials equivalent to B in F[ ajl , T \ 
is 

{2-nif 



—A(mim2n 3 + mxn^m^ + n\rti2m 3 — n\n2m 3 — n\m2n 3 — m\n2n 3 )- 



2 



Proof. Using Definition 3.20 and Lemma 3.16, we have that the term Ai t oA2 t oA 3 j con- 
tributes -mim2"3^-- Similarly, the term AijA2jA 3 ^ contributes +n\n2m 3 ^^. 
When we consider all possible permutations of the indexes, we obtain the above propo- 
sition. 

Remark 4.2 When we divide the coefficient in the above lemma by —A{2tti) 2 and then 
exponentiate, we obtain the sign in the Parshin symbol. 

4.2 Logarithmic symbol 

Let Q be a base point on C\. Consider the loop Oj\ around the point Pj\. 

Definition 4.3 For k = 1,2,3 define = n^\, = ntj and gtj = >J k k « fc = 

Define a logarithm of the Parshin symbol as 

Log{f ll f2,hyS' lPl = (2mf(, l K + D 1 ! ^ll + D 2 [ + D 3 f W\ , 



where 



Kj = m\rri2n 3 — m\n2m 3 + n\rri2n 3 — n\n2m 3 + n\ni2m 3 — min2n 3 , 
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m 2 


n 2 


, D 2 = 


m 3 


n 3 


, and D 3 = 


mi 


m 


m 3 


n 3 




mi 


m 




m 2 


n 2 



Di 

Theorem 4.4 The coefficient of —\B for the integral F along the loop, based at Pji, is 
Log{h,f 2 ,h} < c 1 ,p jl - 

Proof. The portion Kj from the symbol was considered in subsection 4.1. The remaining 
portion is anti-symmetrization of the indexes of Lemma 3.15. That gives precisely the 
sum of the coefficients equivalent to —\B. 

Corollary 4.5 The Parshin symbol of the functions fi, f 2 , /3 at C±, Pji is 

{fi,f2,h}c 1 ,P jl = (fF'f^fF 3 ) (Q) ■ exp ((2iri)- 2 {Log{f 1 ,f 2 , h} Cl , Pjl )) ■ 
Proof. It follows by direct computation. 

4.3 Vanishing of the commutator terms 
Definition 4.6 Let 

N ljk = (2vri)- 3 



dxi dxj dxk 

Xk 



be the integer from the above lemma. 

Lemma 4.7 For i / j / k 7^ i we have 

N ijk + N jki + N kij = 0. 

Proof. It follows by direct computation from the formula for Nij k from Lemma 3.18(c). 
For i ^ j, the coefficient of AuA 2 iA 3 j is nun 2 in 3 jNnj. Note that 

AuA 2i A 3 j ~ —AuA 3 jA 2i . 

The coefficient of AuA 2 iA 3 j is nwn 2 in 3 jNiji. And the coefficient of A 3 jAnA 2 i is nun 2 in 3 jNju. 
Note that 

A 3 jAuA 2 i ~ AuA 3 jA 2 i. 



Lemma 4.8 For i / j, we have 



N Uj -N ljl + N 3ll = A( f^fd^_rdx i rdx 1 \rdx 1 

\Ja x j J f3 x i J j3 x j Ja x i J Ja x i 



Proof. For each of the three summands, we have 

J J[[a,f3\,a\ x, x, Xj 



dxj r dxi_ _ r dx± r d^i\ r dxj 
Xi J/3 Xi J/3 Xi Ja Xi J Ja xj 

■ ( r dxj r dxj r dxj f dxA r dxj _ 
yJa Xj J f3 Xi J f3 Xj Ja Xi J Ja Xi 

_ ( f dxj_ r dxj_ _ r dxj_ r cteA r dxi_ 
yJa Xj J/3 Xi J/3 Xj Ja Xi J Ja Xi 
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% J % J[[a,/3J,cr] Xi Xj Xi 

— _ ( f f f*Ei _ f dx£ f <te±\ r dxj 

\yJa Xi J/3 Xj J p xi Ja Xj J Ja Xi 

( r dxj r dxj r dxj r dxA r dxi _ 
\Ja Xi Jj3 Xj J j3 Xi Jot Xj J J a Xj 

_ _2 ( r dxi_ r dxj_ _ r dxi r dx£\ r dxj 
yJa Xi J f3 Xj J/3 Xi Jot Xj J Ja Xi 

J[[a,(3],a] Xi Xi Xj 

_ ( r dxHj_ r dxi _ r dxj_ c- dxA f dxj _ 
yJa Xj J (3 Xi 1 Jf3 Xj Ja Xi J Ja Xi 

iff dxi r dxi _ r dxi_ r dxA r dxj 
yJa Xi J/3 Xi J/3 Xi Ja Xj J Ja Xj 

_ / r dxj_ r dxi _ f dxj_ c dxA c 
yJa Xj J /3 Xi J /3 Xj J a Xi J Ja 



N, 



dx j. 



Thus, 



f dxi ( f dxj f dxi f dxj f dxi 

Ja x i \J a x j J (3 x i J f3 x j Ja x i 



Niji -j- NjH — 4 

Obviously, when three of the indexes coincide then Nm = 0. 

Proposition 4.9 The sum of the coefficients equivalent to B in i*[[ a «,/3«]T] i- s zero. 

Proof. From Lemma 3.18, we obtain that the only contributions to the coefficient of B 
come from Ai i A 2 jA 3 f : ., when only two of the indexes i,j, k coincide. From Lemma 3.19, 
it follows that the contributions are integer combinations of integrals of the type 



f dxi / f dxj f dxi f dxj f 

Ja x i \Jaf x j J/3^ x i J /3^ x j Ja 

The integral 



f dxi 

Ja x i 



la 1 

is not zero only when i = 1. However, for i = 1 the variable x\ becomes the constant u 
along the loops a" and because a\ and f3f are defined on the curve 



Therefore, 



and 



Tb u = {Y £ Tb\xi(Y) = u}. 
I ^1 = 

Ja u x l 



L 
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Thus, 

dx % j f dxj ^' dx ^ ^' dx j ^' dx ^ ^ ^ 



x i \Ja u x j J (3 U x i J fi u x j J ct u x i J 

4.4 Vanishing of the extra terms 

The sum of the extra terms is the same as the coefficients equivalent to B in F , -1 — 

Proposition 4.10 The coefficient of \B in 

^ F *ib*i+uT] + F [ix i+1 ,T]^ 1 

i 

is zero. 

We need two lemmas in order to compute the coefficient of Ai^A^A^ 
Lemma 4.11 The coefficient of A 1 i 1 A 2 i 2 A 3 i :i in is 

. .o ( f dxi-, f dxi 9 dxi-, f dx{., f dxi-. dx{ 9 \ 
{2m) n ix n 2i2 n 3i3 / / o 6 - - I 6 - I o . 

\Jwi x h J[fj, i+1 ,T] x %2 x h J^i x h J[fii + i,T] x h x 'h J 

Proof. Cut the loop 7Ti[fii+i, tJtt" 1 into 3 loops 7Tj, [//j+i, r] and 7T7" 1 . Then use Corollary 
1.3 for composition of paths. 

Lemma 4.12 We have the following relation 

/ \ f dxi 9 dxi-. f dx{. dxi 9 
(a) / o = -/ o 

J[m+i,T] x n x n J\p, i+1 ,T] x n 

(b) I 
Jh 



Xio 



dx j -t dx y -i 



11 o = 0. 



'[/ii+i,r] x h x h 
Proof. By Lemma 3.18 part (b), we have that 

dx 



f dxi 1 dxi 2 f dx{ l f dx% 2 f dx% 1 f 

J[fH+i,T] x h x ii J^i+i x h Jt x %2 Jt x h J pu, 



12 



+ 1 Xi 2 



The right hand side is anti-symmetric on the indexes i\ and i 2 . This proves part (a). 
For part (b), use the above equality when i\ = i 2 . Proof. (Proposition 4.7) Let i\ ^ i 2 ^ 
i 3 i\. By Lemmas 4.8 and 4.9, we have that the coefficient of A 3 i 3 A 2 i 2 A\i x along the 
path TTilpLi+i,^} 1 is 



(2TTi) 2 n lil n 2i2 n 3 i 3 


( r dx ia r 

\JTTi Xi 3 J[m + 1,T] 


dx^ Q 

Xi 2 


dx il 

X{-^ 


r dxi 1 /> 
J-Ki x ix J[/i i+ i,r] 


Xi 3 


dxi 2 \ 

Xi 2 J 


(2-Ki) 2 n 1 i 1 n 2i2 n 3 i 3 


(_ (■ ±23 f 

^ j-Ki Xi 3 Jlm+i 


dx{-^ 


o - 

Xi 2 


, r dxn r 

' J-Ki x i± J[m + i 


dxi2 

,t] Xi 9 


Q dxi 3 
Xi 3 


(2iri) 2 n lh n 2i2 n 3i3 


f r dxn r 

\ JlTi Xjj J[(H+l 


d,Xi 2 

,t] Xi 2 
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dxi*> 
o ^ 

Xi 3 


_ r ±23 r 

JKi Xi 3 J\p,i + 1 


dxi^ 
,t] Xi^ 


^ dx^2 

Xi 2 



Note that this is the same as the coefficient of Au 1 A2i 2 A 3 i 3 . However, A 3 i 3 A2i 2 An 1 ~ 
—Aii 1 A2i 2 A^i 3 . Therefore the two coefficients cancel in the equivalence. 

By Lemmas 4.8 and 4.9(b), when three of the indexes coincide, that is i\ = z 2 = i 3 , 
the corresponding of the extra terms are zero. 

It remain to examine what happens when two of the indexes coincide. Compare 
the coefficients of Au 1 A2i 1 A 3 i 2 , Au 1 A 3 i 2 A2i 1 and A 3 i 2 Au 1 A 2 i 1 . By Lemma 4.8, the 
coefficient of A lh A 2il A 3i2 in F n .^ uT]n -i is 

r27T7> 2 r7i- no- (f dx^ dx^ _ r dx^_ r dx^ dx^\ _ 

(zm) n lll n 2il n 3i2 ^ x ^ J [flt+ur] Xii ° J ff . ^ J[ w+1 , r ] Xii Xii ) ~ 

(2 m ) n Ul n 2il n 3i2 (J w . J^ +ur] o . 

The coefficient of A lil A 3i2 A 2 i 1 in ^ 7r . [/1 . +liT ] 7r - 1 is 

f2vri) 2 n 1 - nr n,- (f dx^ _ r dx^_ r dx^ d^\ _ 

(ziri) n lll n 2ll n 3l2 ^ j^ +liT] ^ ° Xii J ff . Xii J [w+1 , r] Xij Xi2 J - 

And finally, the coefficient of A 3i2 A lil A 2 i 1 in F^^^-i is 

,s 2 ( r dxj 2 n dxj 1 dXji r- dxj 1 r- d,Xj 2 dxj x \ 

\yZ/K%) nu^nn^ yj n . — J [ix . +ut] — ° — ~ J w . — J[ w+1 , r ] — — J - 

/o -\2 ( r dxu r dxi 9 dxu \ 

(2ttz) n Hl n 2il n 3i2 (- / w . J^ +iiT] o j = 

/r, -\2 ( r dxi-i r dxu dxi„ \ 

(2m) n ln n 2ll n 3 , 2 [J^ ^ ^ ° J ■ 

The only case when the above integrals are not zero is when i 2 = 0. Set i\ = j. Note 
that 

J\IH+i,t] X 3 X 

for jjL i+1 = Oji. Then J^. ^ = 27riZ. 

However, the sum of the extra terms coming from Au 1 A2i 1 A 3 i 2 , Au 1 A2i 2 A 3 i 1 and 
Au 2 A 2 i 1 A 3 i 1 is zero. Thus, there is no contribution from the extra terms in the logarithm 
of the Parshin symbol. 

4.5 Reciprocity law 

Theorem 4.13 For the logarithm of the Parshin symbol we have the following reciprocity 

J2Lo 9 {f 1 ,f 2 ,f3}Zp jl =°- 

3,1 

Proof. Form Theorem 2.31, we have that the sum of the Log-symbols applied to an 
iteration 

dx^, diX j dx 

X% Xj Xfc 
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is equal to the sum of the extra terms and the sum of the commutator terms. We consider 
the sum of the coefficients equivalent to —1/4B. The sum of the commutator terms is 
zero by Proposition 4.9. And the sum of the extra terms is zero by Proposition 4.10. 
This proves the theorem. 

5 Refinement of the Parshin symbol 

5.1 Logarithmic version of a refinement of the Parshin symbol 

Definition 5.1 Define a logarithm of the refinement of the Parshin symbol as the dif- 
ference 

Log(f 1 J 2 , h)c l , Pjl = Logih, f 2 , h]cl, Pjl ~ Log{f 1 J 2 , h)cl Pjl - 



Theorem 5.2 



Log(fi,f 2 , h)c^ Pjl = (27ri) 2 ^7ri(m 2 nin 3 - n 2 mira 3 ) + m 2 n 3 J 



dgij f dg 3j 
- m 2 m / -. 

lit 9lj J ljt <l:-,.j 



Proof. It follows directly from Definitions 3.28 and 4.3. As a direct consequence we 
obtain a refinement of the logarithm of the Parshin symbol. 

Corollary 5.3 

Logih, f 2 , hfSl Pjl + Log(f 2 , f 3 , + Logfa, h-hi r \. P , = Log{f lt f 2 , / 3 }g >P . f 

5.2 Logarithmic reciprocity law 

Theorem 5.4 We have the following reciprocity law 

J2 Lo 9(hJ2js)Zp jl = (2vri) 3 (M + iV), 
jl 

where 

M = (2nif J2 n<j Mn D i(h) ~ n 3n D 3 (j 2 ))L n L J2 

+(2™) 3 ES=iK- a ^i(j2) " n 3n D 3 {j 2 ))\L n (L n - 1) 

N = ( 2 -r 2 ™i (4 1 4 d ~t - 4 Ti- 4 fi) + 
+ ( 2^)- 2 m 3 (4 ^ 4 ^ - 4 ^ 4 ff) . 

Proof It follows from the reciprocity laws for Log[fi, f 2 , h] 1 ^^ and Log{fiJ 2 , Mc^.,, 
stated in Theorems 3.34 and 4.13, respectively. 
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5.3 Refinement of the Parshin symbol and a reciprocity law 
Definition 5.5 Define a refinement of the Parshin symbol as 

(fi,f2,h)%, Pjl = if^Zl (W 2 Lo 9 {h,h, /,)% >Pj| ) . 

Theorem 5.6 Define a refinement of the Parshin symbol as 

«i (P A m2n3 

ii r f \xq _ / -I \m,2niri3-n 2 mi?Tt3 ilKJV^JU 

Ul,j2,j3) Co ,P 3t ~ { g3j{Pjl) m2ni ' 

Remark 5.7 For the local coordinates at Pji we use the variables xo and Xj. The symbol 
is invariant of the choices of Xj . However, it is dependent on xq . Let us explain to what 
extend the refinement of the Parshin symbol depends on the choice of xq. The variable 
xq vanishes along the curve Cq. And we use the same xq for each of the points Pji, where 
we compute the symbol. If we have a different choice of xq then we obtain a different 
symbol. But the new choice of xq is the same for each point Pji . 

Theorem 5.8 Using the above definition, we have 

Proof. It follows by exponentiating the reciprocity law from Theorem 4.5. 

5.4 Example 

Let X = CP 1 x CP 1 with projective coordinates (xo : x\) x (yo,yi). For n = 1,2,3 let 

t Vi 1 ' n 

f n = (xi - ax )* n (xi - bx y n (xi - cx ) kn — 

where i n +jn + k n = for n = 1, 2, 3. Let C be the variety y\ = 0. Consider the functions 
f n in affine coordinate system by setting xq = 1 yo = 1. Let 

f n = (xi - a) in {xi - b) jn ( Xl - c) kn y[ n . 

The points which will have non-zero symbol are P a = (a, 0), Pb = (6, 0) and P c = (c, 0). 
Let the base point Q be with coordinates Q = (0, 0). 
First we compute the symbol /2, h)c: p a - Let 

xi - a 

z = z(xi) = -. 

Xi — 

Then 

bz — a 

xi = -. 

z — 1 

Also 

, b — a 

xi - b = 

z — 1 
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and 



Then 



x\ — c 



(b — c)z + c — a 



f n (z,yi) = z in y l { 



b — a 
z-1 



z-1 



Then at P„, we have 



9n(z,yi) 



b — a 



c)z + c — a 
z-1 



c)z + c-aY n 



fen 



z-1 



z - 1 , 

Using that i n + j n + k n = 0, we obtain 

'b-a\~ kn ({b-c)z + c-a\ kn 



9n(z,yi) 



z-1 



z - 1 



At the point P a , which is with coordinates (z,y\) = (0,0), we have 



9n{Pa) = 



a — c 
a — b 



Therefore, 



93(P a ) ilh 9l(Pa) 



a — b 



a — c 



k h 



For the sign of the symbol, we have (— l)* 1 ^ h&2_ Finally, the symbol at P a is 



(/l,/2,/ 3 )^p o = (-l) 



iii3l2—hhi2 



a — b 



a — c 



h 



k h 

i-3 h 



For the symbol at the points Pf> and P c , we have to permute cyclicly a, b, c and use the 
same cyclic permutation for the powers i n ,jn, k n . We obtain 



(fl,f2,f3) y C \ Pb = (-l) jlj3h - llhh 



and 



Let 



and 



(flj2,f3) y C \ Pc = (-l) klkih - hhk2 

a — b 



b-c 
b — a 



c — a 
c-b 



31 H 
33 h 



h ji 

h 33 



A 



B 



a — c 



b-c 
b — a 
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which enter in the first two symbols. Then for the fraction in the last symbol, we have 

c — a 



c-b 

The product of the three symbols is 

h, h) v c,p a U^ f 2 > /3)c,p 6 (/i' /2> h) v c,p c = 



{AB)-\ 



B 



31 n 

h *3 



(-AB) 



fci ji 
h 33 



Combining the power of A and using that i n + j n + k n = 0, we obtain 



h 


fci 




fcl 


jl 






fc 3 




fc 3 


33 


= h 



= h 



-Jl fcl 

-J3 ^3 



-z 2 



fci ii 

fc3 33 



-ji - ki ki 
-33 - h k 3 

0. 



-h 



fci ji 
h 33 



Similarly, the powers of B cancel. For the sign we have 



fci 3i 
fc3 33 



(_l'j( i li3+jlj3+klk-s)l2-(i2+j2+k2)hh ( — 1) 

For the power of (—1) modulo 2, we have 

{hh + hh + kik 3 )l 2 - (i 2 + J2 + k 2 )lih + ^(fci.73 + jih 
h(iih + (ji + fci) (.73 + fc3)) - («2 + J2 + ^2)^1^3 

/ 2 (^3 + Hi)H3)) + o-/iZ 3 = 

= mod 2 



Therefore, 



(/1, /2, /3)c7,p (/i> /2> h)c,p b (hi h, fz) V c,p c 



1. 
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